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Abstract In this paper, we study a mean curvature type flow with capillary
boundary in the unit ball. Our flow preserves the volume of the bounded
domain enclosed by the hypersurface, and monotonically decreases an energy
functional E. We show that it has the longtime existence and subconverges
to spherical caps. As an application, we solve an isoperimetric problem for
hypersurfaces with capillary boundary.
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1 Introduction
In this paper, we are interested in a mean curvature type flow in the unit ball
Bn+1 ⊂ Rn+1 with capillary boundary. Roughly speaking, given a Riemannian
manifold Nn+1 with a smooth boundary ∂N , a hypersurface with capillary
boundary in N is an immersed hypersurface which intersects ∂N at a constant
contact angle θ ∈ (0, pi).
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2 Guofang Wang, Liangjun Weng
For closed hypersurfaces, the mean curvature flow plays an important role
in geometric analysis and has been extensively studied. One of classical re-
sults proved by Huisken [19] states that it contracts a closed convex hy-
persurface into a round point. Mean curvature type flows with a constraint
play an important role in the study of isoperimetric problems. The follow-
ing curve-shortening (and area-preserving) flow was studied by Gage [10]. Let
γ : S1 × [0, T )→ R2 satisfy
∂tγ = (κ− 2piL )ν,
where κ is the geodesic curvature of γ, L is the length of the curve at scale
t, and ν is the outward unit normal vector of curve γ(·, t). In a higher dimen-
sional Euclidean space, Huisken introduced a non-local type mean curvature
flow in [21]: Given a closed, connected hypersurface M , consider a family of
embeddings x : M × [0, T )→ Rn+1 satisfies
∂tx = (c(t)−H)ν,
where c(t) :=
∫
Mt
Hdµ
|Mt| is the average of the mean curvature H of Mt := x(M, t)
and ν is the unit outward normal vector field of Mt. Huisken proved that such
a volume preserving flow converges to a round sphere if the initial hypersurface
is uniformly convex. There has been a lot of work on such geometric flows. Here
we just mention further [2] for studying such kind of flow in the case where the
ambient space is Riemannian manifold and [30] for the extension to a general
mixed volume preserving mean curvature flow. As one of applications, such
a volume (or area)-preserving flow could be used to prove optimal geometric
inequalities. In order to establish optimal geometric inequalities, there is an-
other type mean curvature flow, which is first introduced by Guan and Li [16]
inspired by the Minkowski formulas. A flow x : M × [0, T )→Mn+1k satisfies
∂tx = (nφ
′(ρ)−Hu)ν,
where u is the support function of hypersurface x(M, ·) and Mn+1k is the space
form with constant sectional curvature k and metric ds2 := dρ2 + φ2(ρ)gSn .
This flow is also volume preserving and area decreasing by the Minkowski for-
mulas. They obtained the longtime existence of this flow and proved that it
smoothly converges to a round sphere if the initial hypersurface is star-shaped.
As a result, this yields a flow proof of classical Alexandrov-Fenchel inequali-
ties of quermassintegrals in convex geometry. Recently, they obtained that a
similar phenomenon also holds for the general warped produced manifold in
[17] jointed with Wang. For the methods which use a fully nonlinear flow to
establish geometric inequalities, we refer also to [18]. Last but not least, we
recommend the literature [4], [5], [6], [7], [32] and references therein for ex-
tensions to general anisotropic and fully nonlinear curvature flows in various
ambient spaces.
There has been a great interest in the investigation of hypersurfaces with
non-empty boundaries in the last thirty years. For instance, Stahl [34] consid-
ered the mean curvature flow with free boundary in the Euclidean space, and
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he showed that the solution either has the longtime existence or the curva-
ture and its derivatives blow up at the maximal time. Later, Marquardt [29]
considered the inverse mean curvature flow for hypersurfaces with boundary
perpendicular to a convex cone, and proved that it has the long time existence
and converges to a piece of round sphere, if the initial hypersurface is star-
shaped and strictly mean convex. Recently Lambert-Scheuer [25] studied the
same flow as [29] but with the supporting hypersurface being a sphere instead
of a cone. They proved that a convex hypersurface which is perpendicular to a
sphere along the boundary converges to a flat disk in certain sense. As a nice
geometric application of this flow they proved in [24] a Willmore type inequal-
ity. We also would like to mention the recent articles [36] and [33] for a mean
curvature type flow and a fully nonlinear inverse curvature type flow respec-
tively in the unit ball with free boundary, where new geometric inequalities
were proved as applications. For the study of a nonparametric mean curvature
flow with free or capillary type boundaries, we refer to [3], [11], [27] and [20].
Those results motivate us to consider the following mean curvature type
flow for hypersurfaces with capillary boundary. To be more precise, let Σ0
be a properly embedded compact smooth hypersurface in Bn+1(n ≥ 2) with
capillary boundary ∂Σ0 ⊂ Sn := ∂Bn+1, which is given by x0 : M → Bn+1
and M is a compact manifold with smooth boundary ∂M . In other words,
int(Σ0) = x0(int(M)), and ∂Σ0 = x0(∂M) intersects ∂Bn+1 at a constant
contact angle θ ∈ (0, pi). Consider a family of embeddings x : M × [0, T ) →
Bn+1 with x(∂M, ·) ⊂ ∂Bn+1 such that
(∂tx)
⊥ = fν in M × [0, T ),
〈ν,N ◦ x〉 = − cos θ on ∂M × [0, T ),
x(·, 0) = x0(·) on M,
(1.1)
where
f := n〈x, a〉+ n cos θ〈ν, a〉 −H〈Xa, ν〉, for a ∈ Sn,
ν and H are the unit normal vector field and the mean curvature of hypersur-
face x(·, t) resp., N is the unit outward normal vector field of Sn , the contact
angle θ ∈ (0, pi) is a constant and the vector field Xa will be defined and dis-
cussed in the next paragraph. Here, for a vector field ξ along a hypersurface
x, we define its normal part by ξ⊥ := 〈ξ, ν〉ν. The choice of f is motivated by
new Minkowski formulas proved in [35]. If θ = pi2 , it corresponds to the free
boundary problem of parabolic setting, which was studied by Wang and Xia
in [36].
Before we state our main results, we clarify the notation Xa used above.
In this paper Xa is a vector field defined by
Xa := 〈x, a〉x− 1
2
(|x|2 + 1)a, (1.2)
where a is a fixed unit vector in Rn+1. One can easily to check that Xa is a
conformal Killing vector field in Bn+1. In fact, Xa is exactly the pull back of
the position vector field under a conformal transformation from the unit ball
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to the half Euclidean space. See Section 3.2 for the precise discussion. We say
that a properly embedded hypersurface Σ in Rn+1 is star-shaped with respect
to a if Σ intersects each integral curve of Xa only once. For simplicity in this
paper we define a hypersurface of star-shaped by a stronger condition that
〈Xa, ν〉 > 0
holds everywhere in M . Our main theorem is the following
Theorem 1.1 If the initial hypersurface is a star-shaped hypersurface with
capillary boundary in the unit ball and the contact angle θ satisfies | cos θ| <
3n+1
5n−1 , then flow (1.1) exists globally with uniform C
∞-estimates. Moreover,
x(·, t) subsequently converges to a spherical cap in the C∞ topology as t→∞,
whose enclosed domain has the same volume as the domain enclosed by Σ0.
If θ = pi2 , i.e., the free boundary case, this theorem was proved recently by
Wang and Xia in [36], where they also proved the global convergence. The
free boundary case usually corresponds to a homogeneous or linear Neumann
boundary value conditions, see [20], [24], [29], [33], [34] and [36] for example.
However, the capillary boundary case in general relates to a nonlinear type
Neumann boundary value condition, which is more complicated and techni-
cally more difficult to handle from the analytic viewpoint. This difficulty usu-
ally prevents us to obtain estimates for a full range of θ ∈ (0, pi). For instance,
Guan obtained the gradient estimate (depending on the time T ) of solution
in [15] for a nonparametric curvature flow with capillary boundary for angle
satisfying | cos θ| <
√
3
2 . Recently, the authors [11] obtained the uniformly gra-
dient estimate (independent of time T ) for the nonparametric mean curvature
flow with capillary boundary for θ in a small neighborhood of pi2 . In this paper
we obtain for our flow (1.1) a better range | cos θ| < 3n+15n−1 . The reason why
we can have a bigger range of the contact angle is due to an observation that
equation (3.4) has a good term when we carry out the gradient estimate. See
the proof of Proposition 4.3. Also due to this difficulty, we can only prove the
subsequence convergence of this flow and are not able to show that the limits
are the same spherical cap at the moment. We will consider this problem in
the near future. Nevertheless, the limits have the same radius and hence we
can provide a flow proof for the isoperimetric problem for hypersurfaces with
capillary boundary in the unit ball
Corollary 1.2 Among star-shaped capillary boundary hypersurfaces with a
volume constraint the spherical caps given in Remark 4.1 are the only min-
imizers of the energy functional E defined in (2.8) below, provided that the
contact angle θ satisfies | cos θ| < 3n+15n−1 ,.
The Corollary follows from Theorem 1.1 and the crucial properties that
the flow preserves the enclosed volume and decreases the energy functional E,
which are proved in Subsection 2.3 by the new Minkowski formulas established
in [35].
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This article is organized as follows. In Section 2, we give some preliminaries
about hypersurfaces with capillary boundary and our mean curvature type
flow. In Section 3, we convert the flow to a scalar equation on semi-sphere
with the help of a conformal transformation. In the last Section, we establish
a priori estimates and prove the main theorem.
2 Preliminaries
In this Section we provide basic facts of capillary hypersurfaces and prove
the crucial facts of our flow in Proposition 2.4 by using the new Minkowski
formulas obtained in [35]. For convenience of the reader we provide complete
proofs. For more information about capillary hypersurfaces we refer to the
wonderful exposition book [9].
2.1 Integral identities
In this paper we consider hypersurfaces Σ ⊂ Bn+1 with capillary boundary
∂Σ on ∂Bn+1 which will be precisely defined below. Since we will use a flow
to study such hypersurfaces, it will convenience to use the parametrization:
Let x : M → Bn+1 be an isometric immersion of an orientable n-dimensional
compact manifold M with smooth boundary ∂M such that Σ := x(M) and
∂Σ := x(∂M). However, we will identity M with Σ and ∂M with ∂Σ, if there
is no confusion.
Let N be the unit outward normal N of the unit sphere ∂Bn+1. Let Σ ⊂
Bn+1 be a smooth oriented hypersurface with boundary ∂Σ satisfying int(Σ) ⊂
Bn+1 and ∂Σ ⊂ ∂Bn+1. Σ divides the unit ball into two parts. We denote one
part by Ω and define ν the unit outward normal vector field of Σ w.r.t. Ω.
Let µ be the unit outward conormal vector field along ∂Σ and ν be the unit
normal to ∂Σ in ∂Bn+1 such that {ν, µ} and {ν,N} have the same orientation
in the normal bundle of ∂Σ ⊂ Bn+1. See Figure 1.
We call the angle between −ν and N contact angle and denote it by θ. It
follows
N = sin θµ− cos θν,
ν = cos θµ+ sin θν.
or equivalently
µ = sin θN + cos θν
ν = − cos θN + sin θν.
Definition 2.1 Given a smooth oriented hypersurface Σ ⊂ Bn+1 with int(Σ) ⊂
Bn+1 and ∂Σ ⊂ ∂Bn+1, we call that ∂Σ is a capillary boundary, if the contact
angle θ ∈ (0, pi) is constant along ∂Σ. Namely,
〈µ,N〉 = sin θ
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Figure. 1 – Σ = x(M) and ∂Σ = x(∂M)
is constant on ∂Σ. In particular, if θ = pi2 , i.e., Σ meets ∂B
n+1 orthogonally,
we call that ∂Σ is a free boundary.
We denote D and ∇ derivatives on (Bn+1, δBn+1) and (M, g) resp., where
δBn+1 is the standard Euclidean metric and g is the induced metric on M .
Recall that Xa is the conformal vector field defined by (1.2). Decompose
Xa into Xa := X
T
a + 〈Xa, ν〉ν, where XTa is the tangential projection of Xa
on Σ. It is clear to see that Xa := 〈x, a〉x − a on ∂Σ and N = x on ∂Bn+1,
which follows that
〈XTa , µ〉 = 〈Xa, µ〉 = 〈Xa, sin θN + cos θν〉
= cos θ〈Xa, ν〉 = cos θ〈〈x, a〉x− a, ν〉 = − cos θ〈a, ν〉.
(2.1)
Let h be the second fundamental form of the hypersurfaceΣ given by h(X,Y ) :=
〈DXν, Y 〉 for any X,Y ∈ TΣ with Σ := x(M) and H is the mean curvature
of Σ. Note that
h(e, µ) = 0 (2.2)
for any e ∈ T (∂Σ) and
Dµν = h(µ, µ)µ (2.3)
(see Lemma 3.1 in [26] or Proposition 2.1 in [35] for a proof). These two simple
facts are important in the study of capillary hypersurfaces. From these two
face we have
h(XTa , µ) = 〈Dµν,XTa 〉 = h(µ, µ)〈µ,XTa 〉 = h(µ, µ)〈µ, 〈x, a〉x− a〉
= h(µ, µ)〈x, a〉 sin θ − h(µ, µ)〈µ, a〉
= −h(µ, µ)〈a, cos θν〉,
(2.4)
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where we have used the fact µ = sin θN + cos θν in the last equality.
The following proposition was proved for hypersurfaces with free boundary
recently in [35]. For completeness, we provide a proof here for hypersurfaces
with capillary boundary.
Proposition 2.2 Let x : M → Bn+1 be an embedded smooth hypersurface in
Bn+1 with capillary boundary of contact angle θ ∈ (0, pi). Then
∫
M
H〈x, a〉dA = 2
n− 1
∫
M
σ2(κ)〈Xa, ν〉dA
+
1
n− 1
∫
∂M
(
H〈XTa , µ〉 − h(XTa , µ)
)
dσ,
where dA and dσ are the area element of M and ∂M respectively with respect
to the induced metric g, κ := (κ1, . . . , κn) are the principal curvatures of the
Weingarten tensor (g−1h) and σ2(κ) is the 2nd elementary symmetric function
acting on the principal curvatures.
Proof Let {ei}ni=1 be the orthonormal frame on M and en+1 = N . By using
equation (3.5) in [35], we have
1
2
(
∇i(XTa )j +∇j(XTa )i
)
= 〈x, a〉gij − hij〈Xa, ν〉.
This follows easily from the conformality of the vector field Xa. It follows that
divXTa = n〈x, a〉 −H〈Xa, ν〉. (2.5)
Denote the Newton tensor by T1(κ) :=
∂σ2
∂(g−1h) . In local coordinates, we have
T ij1 :=
∂σ2
∂hij
. Multiplying the both side of the above identity by T ij1 :=
∂σ2
∂hij
and
integrating, we have∫
M
T ij1 (κ)∇i(XTa )jdA =
∫
M
(Hgij − hji) · (〈x, a〉gij − hij〈Xa, ν〉)dA
=
∫
M
((n− 1)H〈x, a〉 − (H2 − |h|2) · 〈Xa, ν〉)dA
=
∫
M
(
(n− 1)H〈x, a〉 − 2σ2(h)〈Xa, ν〉
)
dA.
Since XTa is the tangential projection of Xa on M , integrating by parts we
have ∫
M
T ij1 (κ)∇i(XTa )jdA =
∫
∂M
T ij1 (X
T
a )jµidσ =
∫
∂M
T1(X
T
a , µ)dσ
=
∫
∂M
(
[H〈XTa , µ〉 − h(XTa , µ)
)
dσ.
Hence the proof is complete.
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The following property is also crucial for us.
Proposition 2.3 Under the same conditions as in Proposition 2.2, it holds
that
(n− 1)
∫
M
H〈ν, a〉dA =
∫
∂M
(
H − h(µ, µ))〈ν, a〉dσ.
Proof Set Pa := 〈ν, a〉x− 〈x, ν〉a. By a direct computation, we have
∇ej 〈Pa, ei〉 = ∇ej
(〈ν, a〉〈x, ei〉 − 〈x, ν〉〈a, ei〉)
= 〈hjkek, a〉〈x, ei〉+ 〈ν, a〉δij + 〈ν, a〉〈x,−hijν〉
− 〈x, hjkek〉〈a, ei〉+ 〈x, ν〉〈a, hijν〉
= 〈ν, a〉δij + hjkakxi − hjkxkai
(2.6)
and
divPTa = n〈ν, a〉. (2.7)
Multiplying (2.6) by T ij1 :=
∂σ2
∂hij
, we obtain
T ij1 (h) · ∇ej 〈Pa, ei〉 =
[
Hδij − hji
] · [〈ν, a〉δij + hjkakxi − hjkxkai]
= (n− 1)H〈ν, a〉.
Integrating by parts we conclude that
(n− 1)
∫
M
H〈ν, a〉dA =
∫
M
T ij1 (h) · ∇ej 〈Pa, ei〉dA
=
∫
∂M
T ij1 (h)〈Pa, ei〉〈µ, ej〉dσ
=
∫
∂M
[
Hδij − hji
]〈Pa, ei〉〈µ, ej〉dσ
=
∫
∂M
(
H〈ν, a〉〈x, µ〉 −H〈x, ν〉〈a, µ〉 − h(µ, xT )〈ν, a〉+ h(µ, aT )〈x, ν〉
)
dσ
=
∫
∂M
[
H − h(µ, µ)][〈ν, a〉〈x, µ〉 − 〈x, ν〉〈a, µ〉]dσ
=
∫
∂M
[
H − h(µ, µ)]〈ν, a〉dσ,
where we have used equation (2.2) in the fifth equality. Therefore we complete
the proof.
2.2 The first variation formulas
Let x : (M,∂M)→ (Bn+1, ∂Bn+1) be an isometric embedded of an orientable
n-dimensional compact manifold M with smooth boundary ∂M such that
Σ := x(M) and ∂Σ := x(∂M). We define the volume functional of x as the
usual volume of the n+ 1-dimensional domain Ω enclosed by Σ and ∂Bn+1 as
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in Figure 1. The so-called wetting area W (Σ) is just the area of the region T :=
∂Ω ∩ ∂Bn+1, which is also bounded by ∂Σ on ∂Bn+1. The energy functional
is defined as
E(x) = E(Σ) := Area(Σ)− cos θArea(T ). (2.8)
Next we present the first variational formula for the energy functional E.
An admissible variation of x is a differential map x : M × (−ε, ε) → Bn+1
satisfying that xt(·) := x(·, t) : M → Bn+1 is an immersion with x(int(M), t) ⊂
Bn+1 and x(∂M, t) ⊂ ∂Bn+1, and x(·, 0) = x0(·). Denote the corresponding
hypersurfaces by Σt = x(M, t), its enclosed domain Ωt and the “wet” part
by Tt. It is well-known that the first variations of volume functional and area
functional are given by
d
dt
Vol(Ωt) =
∫
M
〈Y, ν〉dA
and
d
dt
Area(Σt) =
∫
M
H〈Y, ν〉dA+
∫
∂M
〈Y, µ〉dσ,
where dVBn+1 is the volume element of Bn+1 and Y := ∂∂txt(·)
∣∣
t=0
. Moreover
the variation of the area of Tt is given by
d
dt
Aera(Tt) =
∫
∂M
〈Y, ν〉dσ,
For a proof, see [31] (See Section 4 Appendix there) for instance. Now, the
variation of the enery functional E is given by
d
dt
E(Σt) =
∫
M
H〈Y, ν〉dA+
∫
∂M
〈Y, µ− cos θ ν〉dσ. (2.9)
2.3 Key properties of flow (1.1)
From the Minkowski type formula in [35] (see Proposition 3.2 and equation
(3.4) there), we have the following two important facts of (1.1).
Proposition 2.4 Flow (1.1) preserves the volume functional Vol(Ωt) and de-
creases E(Mt).
Proof It is easy to see that this flow preserves the enclosed volume Ωt of
x(M, t) in Bn+1, since
d
dt
Vol(Ωt) =
d
dt
∫
[0,t]×M
x∗dVBn+1 =
∫
M
fdA
=
∫
M
[
n〈x, a〉+ n cos θ〈ν, a〉 −H〈Xa, ν〉
]
dA = 0,
(2.10)
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where the last equality is the new Minkowski identity proved in [35]. With the
above preparation and for the convenience of the reader, we point out that
this formula follows from
f = div (XTa + cos θP
T
a ) in M, 〈XTa + cos θPTa , µ〉 = 0, on ∂M.
which, in turn, follows from equations (2.5), (2.7) and (2.1).
From (2.9) and Proposition 2.2, we have that
d
dt
E(Mt) :=
d
dt
[
Area(Mt)− cos θW (Mt)
]
=
∫
M
H
(
n〈x, a〉+ n cos θ〈ν, a〉 −H〈Xa, ν〉
)
dA
=
[
n
∫
M
cos θH〈ν, a〉dA+ n
n− 1
∫
∂M
(
H〈XTa , µ〉 − h(XTa , µ)
)
dσ
]
+
∫
M
( 2n
n− 1σ2(κ)− |H|
2
)〈Xa, ν〉dA
:= S1 + S2.
(2.11)
For the term S2, we claim that S2 ≤ 0. In fact, this follows from facts that
〈Xa, ν〉 > 0 in M and the following well-known fact
2n
n− 1σ2(κ)−H
2 =
1
n− 1
[
2σ2(κ)− (n− 1)
n∑
i=1
κ2i
]
= − 1
n− 1
∑
1≤i<j≤n
(κi − κj)2 ≤ 0.
(2.12)
For the term S1, from equations (2.1) and (2.4), we have
h(XTa , µ) = − cos θh(µ, µ)〈a, ν〉, 〈XTa , µ〉 = 〈Xa, µ〉 = − cos θ〈a, ν〉.
Combining with Proposition 2.3 and the fact that θ ≡ const, we have
S1
n
=
∫
M
cos θH〈ν, a〉dA+ 1
n− 1
∫
∂M
(
H〈XTa , µ〉 − h(XTa , µ)
)
dσ
=
∫
M
cos θH〈ν, a〉dA− cos θ
n− 1
∫
∂M
[
H − h(µ, µ)]〈a, ν〉dσ = 0.
Therefore, we obtain
d
dt
E(Mt) :=
d
dt
[
Area(Mt)− cos θW (Mt)
]
= S1 + S2 ≤ 0.
Hence we complete the proof.
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3 A scalar equation
In this section we will reduce flow (1.1) to a scalar flow, provided the initial
hypersurface is star-shaped.
3.1 Basic facts
In this subsection, we first recall some basic facts and identities for the relevant
geometric quantities of a smooth star-shaped hypersurface X : M → Σ ⊂
Rn+1+ with respect to the origin. If Σ is star-shaped with respect to the origin,
then the position vector X of Σ can be written as in
X := eu(x)x = ρ(x)x x ∈ Ω ⊂ Sn+,
where u ∈ C2(Ω) ∩ C0(Ω) and ρ := eu.
Let {ei}ni=1 be the local frame field on Sn+ with the round metric σ, and
denote ∇ and D the gradient on Sn+ and Rn+1+ respectively. Then in terms of
ρ the metric gij is given by
gij = 〈DeiX,DejX〉 = e2u
(
σij + uiuj
)
= ρ2σij + ρiρj ,
where 〈·, ·〉 denotes the standard inner product in Rn+1+ , σij := 〈ei, ej〉 and
ρi := ∇eiρ, ρij := ∇ei∇ejρ. The inverse of metric g is
gij = e−2u
(
σij − u
iuj
1 + |∇u|2
)
= ρ−2
(
σij − ρ
iρj
ρ2 + |∇ρ|2
)
,
where σij denotes the inverse of σij and u
i := σikuk. The unit outer normal
vector field to Σ in Rn+1+ is given by
ν(X(x)) =
x−∇u(x)√
1 + |∇u|2 =
xρ−∇ρ(x)√
ρ2 + |∇ρ|2 .
Note that 〈ν,X〉 = ρ2√
ρ2+|∇ρ|2 =
eu√
1+|∇u|2 > 0 which means that ν satisfies
the choice of orientation on a radial graph. The second fundamental form of
X is
hij = −〈DeiDejX, ν〉 = eu
σij + uiuj − uij√
1 + |∇u|2 = −
ρρij − ρ2σij − 2ρiρj√
ρ2 + |∇ρ|2 ,
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and the mean curvature is given by
H :=
n∑
i,j=1
gijhij =
e−u√
1 + |∇u|2
(
n−∆u+
n∑
i,j=1
uiju
iuj
1 + |∇u|2
)
= −e−udivSn
+
( ∇u√
1 + |∇u|2
)
+
ne−u√
1 + |∇u|2
= −1
ρ
divSn
+
( ∇ρ√
ρ2 + |∇ρ|2
)
+
n√
ρ2 + |∇ρ|2
=
n
ρv
− 1
ρv
n∑
i,j=1
(
σij − ρ
iρj
v2
)
ρij ,
where v :=
√
1 + |∇u|2 and divSn
+
is the divergence operator with respect to
the canonical metric σ on Sn+.
Using the same method in [12], we assume that flow equation (1.1) is satis-
fied by a family of the radial graphs over Sn+, that is, x(ξ, t) := X(ξ, t)ρ(X(ξ, t), t)
with X ∈ Sn+. Then we have
f = 〈∂x
∂t
, ν〉
= 〈∂X
∂t
ρ+X · (∇ρ · ∂tX)+X∂tρ, Xρ−∇ρ√|∇ρ|2 + ρ2 〉
=
∂ρ
∂t
· ρ√|∇ρ|2 + ρ2 = 1√1 + |∇u|2 ∂u∂t .
(3.1)
3.2 A conformal transformation
We use the following coordinate transformation ϕ as in [36] to transform the
unit ball into the half space
ϕ : Bn+1 −→ Rn+1+
(x, xn+1) 7−→
2x+ (1− |x|2 − x2n+1)en+1
|x|2 + (xn+1 − 1)2 := (y, yn+1),
where x := (x1, . . . , xn) ∈ Rn. Equivalently we have
xi =
2yi
|y|2 + (yn+1 + 1)2 , 1 ≤ i ≤ n,
xn+1 =
|y|2 + y2n+1 − 1
|y|2 + (1 + yn+1)2 .
Moreover, ϕ maps Sn = ∂Bn+1 to ∂Rn+1+ := {(y, yn+1) ∈ Rn+1 : yn+1 = 0}.
By a direct computation, one gets
ϕ∗(δRn+1+ ) =
4(|x|2 + (xn+1 − 1)2)2 δBn+1 ,
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which means that ϕ is a conformal transformation from
(
Bn+1, δBn+1
)
to(
Rn+1+ , δRn+1+
)
. (Another view to see this fact is that it comes from the Mo¨bius
transformation M(z) := 1−izz−i , and rotational symmetry with z := |x|+xn+1i.)
We define Xn+1 to the conformal vector field Xa with a = −En+1, that
is, Xn+1 := −〈x˜, En+1〉x˜+ |x˜|
2+1
2 En+1, where En+1 is the standard (n+ 1)-th
component vector field in Bn+1 and x˜ := (x, xn+1) ∈ Bn+1. One can directly
compute to find that
ϕ∗(Xn+1) = (y, yn+1) := y˜ in Rn+1+ .
For a hypersurface Σ ⊂ Bn+1 with capillary boundary ∂Σ ⊂ Sn, we have
4[|x|2 + (xn+1 − 1)2]2 〈Xn+1, ν〉 = 〈ϕ∗(Xn+1), ϕ∗(ν)〉 = |ϕ∗(ν)|〈y˜, ν˜〉,
where |ϕ∗(ν)| = |y|
2+(yn+1+1)
2
2 and ν˜ :=
ϕ∗(ν)
|ϕ∗(ν)| . Hence the hypersurface ϕ(Σ)
is star-shaped in Rn+1+ with respect to the origin, i.e., 〈y˜, ν˜〉 > 0 if and only
if 〈Xn+1, ν〉 > 0 holds on Σ. Therefore, under the transformation flow (1.1) is
equivalent to
∂ty˜ = ϕ∗(∂tx˜) =
(
f˜ · |ϕ∗(ν)|
)
ν˜ in ϕ(Σ)× [0, T ),
〈ν˜, N˜〉 = cos θ on ϕ(∂Σ)× [0, T ),
y˜(0) = ϕ(x˜(0)) = ϕ(x˜0) := y˜0 on ϕ(Σ)× {0},
(3.2)
where f˜ := f ◦ ϕ−1, N˜ := ∂∂yn+1 is the inner normal vector field of ϕ(∂Σ) ⊂
Rn × {0} in Rn+1+ .
Now in Rn+1+ , we use the polar coordinate (ρ, β, ξ) ∈ [0,+∞)×[0, pi2 ]×Sn−1
as in [36], where ξ is the spherical coordinate in Sn−1 and{
ρ2 = |y|2 + y2n+1,
yn+1 = ρ cosβ, |y| = ρ sinβ.
Then it implies that the standard Euclidean metric in Rn+1+ has the expression
δRn+1+
= |dy˜|2 = dρ2 + ρ2gSn
+
= dρ2 + ρ2(dβ2 + sin2 βgSn−1 ),
(3.3)
where gSn−1 is the standard spherical metric on S
n−1. Since
(
Bn+1, δBn+1
)
and
(
Rn+1+ , (ϕ−1)∗(δRn+1+ )
)
are isometric, a proper embedding Σ = x˜(M) in(
Bn+1, δBn+1
)
can be identified as Σ˜ in
(
Rn+1+ , (ϕ−1)∗(δRn+1+ )
)
.
For a star-shaped hypersurface Σ˜ := y˜(M) in
(
Rn+1+ , (ϕ−1)∗(δRn+1+ )
)
, where
y˜ := ϕ ◦ x˜, we can write it as
y˜ = ρ(z)z = ρ(β, ξ)z, z := (β, ξ) ∈ Sn+.
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In polar coordinates, a direct computation implies that
∂
∂yn+1
=
∂ρ
∂yn+1
∂ρ +
∂β
∂yn+1
∂β = cosβ∂ρ − sinβ
ρ
∂β .
It gives us
n∑
i=1
yi∂yi = ρ∂ρ − ρ cosβ
(
cosβ∂ρ − sinβ
ρ
∂β
)
= ρ sin2 β∂ρ +
sin 2β
2
∂β .
From now on, we always set a := −En+1. We have
−ϕ∗(a) =
n∑
i=1
∂yi
∂xn+1
∂
∂yi
+
∂yn+1
∂xn+1
∂
∂yn+1
= (1 + yn+1)
n∑
i=1
yi
∂
∂yi
+
(1 + yn+1)
2 − |y|2
2
∂
∂yn+1
= yn+1
n∑
i=1
yi∂yi +
1 + y2n+1 − |y|2
2
∂yn+1 +
n+1∑
α=1
yα∂yα
= ρ cosβ
[
ρ sin2 β∂ρ +
sin 2β
2
∂β
]
+
1 + ρ2 cos 2β
2
(
cosβ∂ρ − sinβ
ρ
∂β
)
+ ρ∂ρ
=
ρ2 cosβ + 2ρ+ cosβ
2
∂ρ +
(ρ2 − 1) sinβ
2ρ
∂β .
Set w := log 2|y|2+(yn+1+1)2 = log
2
ρ2+2ρ cos β+1 and u := log ρ. From the discus-
sion in Section 3.1, we know that ν˜ =
∂ρ−ρ−1∇u
v is the unit outward normal
vector field of Σ˜ in (Rn+1+ , δRn+1+ ). Then the capillary boundary condition gives
us that
−e−2w cos θ = e−2wδBn+1(ν,N ◦ x˜)
= ϕ∗δRn+1+ (ν,N ◦ x˜)
= δRn+1+
(ϕ∗(ν), ϕ∗(x˜))
= 〈e−wν˜, ρ
2 + 1
2ρ
∂β〉 = e−2w〈∂ρ − ρ
−1∇u
v
,
1
ρ
∂β〉
= −e−2w∇∂βu
v
,
It follows that
∇∂βu = cos θv on ∂Sn+.
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By a straightforward computation as above, under the conformal transforma-
tion ϕ we have
〈ν, a〉 = e2wδRn+1+ (ϕ∗(ν), ϕ∗(a))
= ew〈∂ρ − ρ
−1∇u
v
,
ρ2 cosβ + 2ρ+ cosβ
2
∂ρ +
(ρ2 − 1) sinβ
2ρ
∂β〉
=
ew
2v
(
ρ2 cosβ + 2ρ+ cosβ
)− ew(ρ2 − 1) sinβ
2v
∇∂βu
and
〈x˜, a〉 = 〈ϕ−1(y˜), a〉 = −xn+1 = −
|y|2 + y2n+1 − 1
|y|2 + (yn+1 + 1)2 = −
ρ2 − 1
2
ew.
Similarly, we have
〈Xa, ν〉 = 4[|y|2 + (yn+1 + 1)2]2 〈ϕ∗(Xa), ϕ∗(ν)〉
=
2
|y|2 + (yn+1 + 1)2 〈y˜, ν˜〉
= ew〈ρ∂ρ, ∂ρ − ρ
−1∇u
v
〉
= ew
ρ
v
.
Note that e−w := ρ
2+2ρ cos β+1
2 . It then yields that
Dν˜e
−w = 〈De−w, ∂ρ − ρ
−1∇u
v
〉
= 〈(ρ+ cosβ)∂ρ + ρ−1∂βe−w · ρ−1∂β , ∂ρ − ρ
−1∇u
v
〉
= 〈(ρ+ cosβ)∂ρ − sinβρ−1∂β , ∂ρ − ρ
−1∇u
v
〉
=
ρ+ cosβ + sinβ∇∂βu
v
.
Applying the transformation law for the mean curvature under a conformal
metric, we know that the mean curvature H˜ of Σ˜ in
(
Rn+1+ , (ϕ−1)∗(δRn+1+ )
)
is
given by (see [36], equation (13) there)
H˜ = e−w
(
Hν˜ + nDν˜w
)
= e−w
[ n
ρv
− 1
ρv
n∑
i,j=1
(σij − u
iuj
v2
)uij
]
− nDν˜e−w
= e−w
[ n
ρv
− 1
ρv
n∑
i,j=1
(σij − u
iuj
v2
)uij
]
− nρ+ cosβ + sinβ∇∂βu
v
= −
[ 1
ρvew
n∑
i,j=1
(σij − u
iuj
v2
)uij +
n sinβ∇∂βu
v
+
n(ρ2 − 1)
2ρv
]
,
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where Hν˜ is the mean curvature with respect to ν˜ of Σ˜ in (Rn+1+ , δRn+1+ ). From
the discussion in Section 3.1, in particular, equation (3.1), we know that the
first equation in (3.2) is reduced to the following scalar equation
∂tρ
v
=
f˜
ew
, (3.4)
where
f˜ := n〈x, a〉+ n cos θ〈ν, a〉 − H˜〈Xa, ν〉
= −n
2
(ρ2 − 1)ew + n cos θ
2
ew
v
(
ρ2 cosβ + 2ρ+ cosβ
)
− n cos θ
2
ew
v
(ρ2 − 1) sinβ∇∂βu+
[ 1
ρvew
(σij − u
iuj
v2
)uij +
n sinβ∇∂βu
v
+
n(ρ2 − 1)
2ρv
] · ρew
v
.
It is easy to see that equation (3.4) is also equivalent to
∂tu =
v
ρew
f˜ =
1
ρvew
(
σij − u
iuj
v2
)
uij +
[n sinβuβ
v
− n(ρ
2 − 1)
2ρ
|∇u|2
v
+
n cos θ
2ρ
(
ρ2 cosβ + 2ρ+ cosβ
)− ρ2 − 1
2ρ
n cos θ sinβuβ
]
=
[
divSn
+
( ∇u
ρvew
)− n+ 1
v
σ
(∇u,∇( 1
ρew
)
)
− n cos θ
2
· ρ
2 − 1
ρ
sinβσ(∇u, ∂β)
]
+
n cos θ
2
· ρ
2 cosβ + 2ρ+ cosβ
ρ
:= F (∇2u,∇u, ρ, β).
In summary, from the above discussion, flow (1.1) is equivalent to (up to a
tangential diffeormphism) the following scalar parabolic equation on Sn+ .
∂u
∂t
= F (∇2u,∇u, ρ, β) in Sn+ × [0, T ),
∇∂βu = cos θ
√
1 + |∇u|2 on ∂Sn+ × [0, T ),
u(·, 0) = u0(·) on Sn+,
(3.5)
where u0 = log ρ0, ρ0 is related to the initial hypersurface x0(M) under the
transformation ϕ and F is defined in the previous equation.
4 A priori estimates
The short-time existence of our flow is established by the standard PDE theory,
since due to our assumption of star-shaped,
〈Xa, ν〉 > 0,
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for initial hypersurface, the flow is equivalent to the scalar flow (3.5). In this
section, we will show the uniform height and gradient estimates for equation
(3.5). Then the longtime existence of the flow follow immediately from the
standard parabolic PDE theory.
In this section, we use the Einstein summation convention, i.e., if not stated
otherwise, the repeated arabic indices i, j, k should be summed from 1 to n.
We also use the notations uβ := σ(∇u, ∂β) = ∇∂βu and |∇u|2 := σ(∇u,∇u)
in this section. Recall that ρ = eu and 2e−w = 1 + ρ2 + 2ρ cosβ. For the
convenience, we introduce the following notations
F ij :=
∂F (r, p, ρ, β)
∂rij
∣∣∣∣
r=∇2u,p=∇u
=
1
ρvew
(σij − u
iuj
v2
),
Fpi :=
∂F (r, p, ρ, β)
∂pi
∣∣∣∣
r=∇2u,p=∇u
= − ui
ρewv3
aklukl − 2
ρv3ew
ailukluk +
n sinβσ(∂β , ei)
v
− n sinβuβ ui
v3
− n(ρ
2 − 1)
2ρ
(2
v
− |∇u|
2
v3
)
ui − ρ
2 − 1
2ρ
n cos θ cosβσ(∂β , ei),
Fρ :=
∂F (r, p, ρ, β)
∂ρ
∣∣∣∣
r=∇2u,p=∇u
=
1
2v
aijuij
(
1− 1
ρ2
)− n
2
(
1 +
1
ρ2
) |∇u|2
v
− n
2
(
1 +
1
ρ2
)
cos θ sinβuβ
+
n cos θ
2
(
1− 1
ρ2
)
cosβ,
Fβ :=
∂F (r, p, ρ, β)
∂β
∣∣∣∣
r=∇2u,p=∇u
= −1
v
aijuij sinβ +
n cosβ
v
uβ − cos θρ
2 − 1
2ρ
n cosβuβ − n cos θ
2ρ
(
ρ2 + 1
)
sinβ
and
aij = σij − u
iuj
v2
, F :=
n∑
i=1
F ii.
Remark 4.1 (Spherical caps) For any given constant θ ∈ (0, pi), define
Cr,θ := {z ∈ Bn+1|z +
√
r2 + 2r cos θ + 1En+1| ≤ r}, r ∈ (0,∞).
It is easy to check that ∂Cr,θ is a static solution to the flow (1.1), that is,
n〈x,En+1〉+ n cos θ〈ν,En+1〉+H〈Xn+1, ν〉 = 0
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and meets the support Sn = ∂Bn+1 at the contact angle θ. Such a spherical
cap is certainly star-shaped and determines a corresponding radial function ψ,
which is a stationary solution of flow (3.5).
Now we are ready to show that the radial function u has the following C0
estimate.
Proposition 4.2 Assume that the initial star-shaped hypersurface x0(M) sat-
isfies
x0(M) ⊂ CR2,θ \ CR1,θ,
for some R2 > R1 > 0, where CR,θ is defined in Remark 4.1. Then this property
is preserved along flow (1.1). In particular, if u(x, t) solves the initial boundary
value problem (3.5) on interval [0,+∞), then for any T > 0,
‖u‖C0(Sn+×[0,T ]) ≤ C,
where C is a constant depends only on the initial value and their covariant
derivatives with respect to the round metric σ on Sn+.
Proof For any T > 0, we want to get the C0 estimate of u in Sn+ × [0, T ].
Assume that ψ is the radial function of the corresponding upper spherical cap
with respect to ∂CR2,θ ∩ Bn+1 after the conformal transformation ϕ. Since ψ
is a static solution to flow (3.5), we know that
∂t(u− ψ) = F (∇2u,∇u, eu, β)− F (∇2ψ,∇ψ, eψ, β)
= Aij∇ij(u− ψ) + bj · (u− ψ)j + c · (u− ψ),
where Aij :=
∫ 1
0
F ij
(∇2(su+ (1− s)ψ),∇(su+ (1− s)ψ), su+ (1− s)ψ, β)ds,
bj :=
∫ 1
0
Fpj
(∇2(su + (1 − s)ψ),∇(su + (1 − s)ψ), su + (1 − s)ψ, β)ds, and
c :=
∫ 1
0
Fρ
(∇2(su+ (1− s)ψ),∇(su+ (1− s)ψ), su+ (1− s)ψ, β)esu+(1−s)ψds.
Denote λ := − sup
Sn+×[0,T ]
|c|. Applying the maximum principle, we know that
eλt(u−ψ) attains its nonnegative maximum value at the parabolic boundary,
say (x0, t0). That is,
eλt(u(x, t)− ψ(x)) ≤ sup
∂Sn+×[0,T )∪Sn+×{0}
{0, eλt(u(x, t)− ψ(x))}.
with either x0 ∈ ∂Sn+ or t0 = 0. If x0 ∈ ∂Sn+, from the Hopf lemma, we have
∇′(u− ψ)(x0, t0) = 0,∇nu(x0, t0) < ∇nψ(x0, t0),
that is, |∇′u| = |∇′ψ| := s and ∇nu < ∇nψ at (x0, t0). Here we denote ∇′
and ∇n as the tangential and normal part of ∇ on ∂Sn+, en = −∂β is the inner
normal vector field on ∂Sn+. From the boundary condition in (3.5) we have
∇nu√
1 + s2 + |∇nu|2
= − cos θ = ∇nψ√
1 + s2 + |∇nψ|2
,
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a contradiction to the fact that function τ√
1+s2+τ2
is strictly increasing with
respect to τ ∈ R and ∇nu < ∇nψ at (x0, t0). Hence we have t0 = 0, which
follows that
eλt(u(x, t)− ψ(x)) ≤ u0(x0)− ψ(x0) ≤ 0, in (x, t) ∈ Sn+ × [0, T ],
that is
u(x, t) ≤ ψ(x), in (x, t) ∈ Sn+ × [0, T ].
Hence we obtain the desired upper bound of u. Similarly, we can get the desired
lower bound of u. After the conformal transformation we finish the proof of
the Proposition.
In order to obtain the gradient estimate, we need to employ the distance
function d(x) := distσ(x, ∂Sn+). It is well-known that d is well-defined and
smooth for x near ∂Sn+ and ∇d = −∂β on ∂Sn+, where ∂β is the unit outer
normal vector field on ∂Sn+. In the following, we extend d to be a smooth
function on Sn+ and satisfying that
d ≥ 0, |∇d| ≤ 1 in Sn+.
We will use O(s) to denote terms that are bounded by Cs for a constant
C > 0, which depends only on the C0 norm of u. Our choice of test functions
are motivated from [11], [14] and [22]. Now we show the uniform gradient
estimate. This is the key step of this paper.
Proposition 4.3 If u(x, t) solves the initial boundary value problem (3.5) on
the interval [0, T ∗) (T ∗ ∈ (0,∞]) with | cos θ| < 3n+15n−1 . Then for any (x, t) ∈
Sn+ × [0, T ] (T < T ∗), we have
|∇u|(x, t) ≤ C,
where C is a constant depends only on the initial values and the covariant
derivatives with respect to round metric σ on Sn+.
Proof Define a function
Φ := (1 +Kd)v + cos θσ(∇u,∇d),
where K > 0 is the positive constant to be determined later. Assume that
Φ attains its maximum value at (x0, t0) ∈ Sn+ × [0, T ]. We divide it into the
following three cases to complete the proof.
Case 1: (x0, t0) ∈ ∂Sn+ × [0, T ]. At x0, we choose local coordinates such that
∂
∂xn
be the inner normal direction of ∂Sn+, which is exactly equal to −∂β and
corresponds to ∇d. And let {xi}n−1i=1 be the geodesic coordinate of x0 ∈ ∂Sn+.
Along the geodesic xn = t (0 < t ≤ ε), one takes the parallel transport of
tangential direction ∂∂xi (1 ≤ i ≤ n − 1) to establish the geodesic coordinate
in the neighborhood around point x0 in Sn+.
20 Guofang Wang, Liangjun Weng
First, we notice that Φ = v + cos θun on the boundary ∂Sn+ from the
boundary condition in (3.5). We denote ∇′u and un the tangential and the
normal part of ∇u on the boundary by our choice of coordinates above. The
boundary condition un = − cos θv implies that
u2n = cos
2 θv2 = cos2 θ(1 + |∇′u|2 + u2n),
in other words,
u2n = cot
2 θ(1 + |∇′u|2), (4.1)
Moreover we have
Φ = v sin2 θ =
√
1 + |∇′u|2 + u2n sin2 θ = | csc θ|
√
1 + |∇′u|2 sin2 θ
=
√
1 + |∇′u|2| sin θ|.
From the Gauss-Weingarten equation we have
∇nv = ∇ku∇nku
v
=
n−1∑
i=1
∇iu∇niu
v
− cos θ∇nnu
=
1
v
n−1∑
i=1
(
uiuni +
n−1∑
j=1
uibijuj
)− cos θ∇nnu
=
n−1∑
i=1
uiuni
v
− cos θ∇nnu,
where bij := σ(∇eien, ei) = 0 is the second fundamental form of ∂Sn+ in Sn+
for 1 ≤ i, j ≤ n− 1. Then at x0 ∈ ∂Sn+, from the Hopf lemma, it implies that
0 ≥ ∇nΦ(x0) = ∇nv +Kv∇nd+∇n(ukdk) cos θ
= ∇nv +Kv +∇knudk cos θ + uk∇knd cos θ
=
1
v
n−1∑
i=1
uiuni +Kv + uk∇knd cos θ.
(4.2)
Since {∂xi}n−1i=1 are the tangential vector fields on ∂Sn+, for 1 ≤ i ≤ n − 1, we
have that
0 = ∇′iΦ(x0) = vi + uni cos θ.
This implies that
vi = −uni cos θ. (4.3)
By differentiating the boundary condition of (3.5) and combining with (4.3)
we have that
uni = −∇′i(cos θv) = cos2 θuni.
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Since | cos θ| < 1, we get
uni = 0, ∀1 ≤ i ≤ n− 1. (4.4)
Substituting equation (4.4) into equation (4.2), we conclude that
0 ≥ 1
v
n−1∑
i=1
uiuni +Kv + uk∇knd cos θ = Kv + uk∇knd cos θ
≥ Φ(K 1
sin2 θ
− C1
)
,
for some universial positive constant C1. By choosing K large enough, say
K := 2C1, we get a contradiction. So Case 1 is impossible.
Case 2: (x0, t0) ∈ Sn+ × {0}. In this case we have
Φ(x, t) ≤ Φ(x0, 0) = (1 +Kd)
√
1 + |∇u0|2 + σ(∇u0,∇d) cos θ
≤ C.
It yields that
sup
Sn+×[0,T ]
v ≤ C, (4.5)
where C is a positive constant depending only on n and u0.
Case 3: (x0, t0) ∈ Sn+ × (0, T ]. In this case, we have
0 = ∇iΦ(x0, t0) = (1 +Kd)vi +Kdiv + cos θ(uldl)i, (4.6)
for all 1 ≤ i ≤ n, or equivalently,(
(1 +Kd)
∇lu
v
+∇ld cos θ)∇ilu = −∇lu∇ild cos θ −Kdiv. (4.7)
At (x0, t0), by rotating the geodesic coordinate {(x1, x2, . . . , xn)} we may as-
sume
|∇u| = u1 > 0, and {∇αβu}2≤α,β≤n is diagonal.
We may also assume that u1(x0, t0) large enough in the below computation,
such that u1, v =
√
1 + u21, and Φ = (1 + Kd)v + u1d1 cos θ are equivalent
to each other at (x0, t0). Otherwise, we have completed the proof. All the
computation below are done at the point (x0, t0).
First it is easy to see[
(1 +Kd)
u1
v
+ cos θd1
]
u1α = − cos θuααdα − cos θu1d1α −Kdαv, (4.8)
and [
(1 +Kd)
u1
v
+ cos θd1
]
u11 = − cos θuα1dα − cos θu1d11 −Kd1v. (4.9)
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Denote S := (1 + Kd)u1v + cos θd1. It is easy to check that 2 + K ≥ S ≥
C(δ, θ) > 0 if we assume that u1 ≥ δ > 0, otherwise we have obtained the
estimate. Equation (4.8) yields that
u1α = −cos θdα
S
uαα − 1
S
(
cos θu1d1α +Kdαv
)
. (4.10)
Substituting equation (4.10) into equation (4.9), we conclude that
u11 = − 1
S
cos θuα1dα +
1
S
(− cos θu1d11 −Kd1v)
=
cos2 θ
S2
n∑
α=2
d2αuαα +
[ n∑
α=2
cos θdα
S2
(
cos θu1d1α +Kdαv
)
− 1
S
(
cos θu1d11 +Kd1v
)]
=
cos2 θ
S2
n∑
α=2
d2αuαα +O(v).
(4.11)
On the other hand, we have
0 ≤ (∂t − F ij∇ij − Fpi∇i)Φ
=
(1 +Kd)
v
ul(ult − F ijulij − Fpiuli) + dk cos θ
(
ukt − F ijukij − Fpiuki
)
+ (1 +Kd)
(F ijululiukukj
v3
− F
ijuliulj
v
)
− (2F ijukidkj cos θ
+ 2KF ijdivj
)− (F ijukdkij cos θ +KF ijdijv)− Fpi(Kdiv + cos θukdki)
:= J1 + J2 + J3 + J4 + J5 + J6.
(4.12)
Next we carefully handle these six terms one by one. Differentiating the main
equation in (3.5), we get
utk = F
ijuijk + Fpiuik + Fρρuk + Fβσ(∂β , ek). (4.13)
Combining with the communicative formula on Sn+
uijk = ukij + ujσik − ukσij , (4.14)
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we have
J1 :=
(1 +Kd)
v
ul(ult − F ijulij − Fpiuli)
=
{ (1 +Kd)|∇u|2
2v2
ρ(1− 1
ρ2
)
u11
v2
− (1 +Kd)uβ
v2
sinβ
u11
v2
}
+
{ (1 +Kd)
2v2
|∇u|2(ρ− 1
ρ
)
n∑
α=2
uαα
}
−
{ (1 +Kd)|∇u|2
v
ρ · n
2
(
1 +
1
ρ2
)( |∇u|2
v
+ cos θ sinβuβ
)}
+
{
− (1 +Kd)uβ
v2
sinβ
n∑
α=2
uαα +
(1 +Kd)uβ
v
[n cosβ
v
uβ
− cos θρ
2 − 1
2ρ
n cosβuβ − n cos θ
2ρ
(ρ2 + 1) sinβ
]
+
(1− n)(1 +Kd)|∇u|2
ρewv2
}
:= J11 + J12 + J13 + J14.
Now we tackle the above terms one by one. First, by using equation (4.11), we
obtain that
J11 =
[ (1 +Kd)|∇u|2
2v2
ρ(1− 1
ρ2
)
1
v2
− (1 +Kd)uβ
v2
sinβ
1
v2
]
·
[cos2 θ
S2
n∑
α=2
d2αuαα +O(u1)
]
= O(
1
v2
)
n∑
α=2
|uαα|+O(1
v
).
It is also not difficult to show that J14 = O(
1
v )
∑n
α=2 |uαα|+O(v). J12 will be
considered later, together with J22 and J32, and J13 with J23. See below. For
the term J3, we have
J3 := (1 +K1d)
(F ijululiukukj
v3
− F
ijuliulj
v
)
=
(1 +Kd)
ρewv
(− 1
v5
u211 −
2
v3
n∑
α=2
u21α
)− (1− ε) (1 +Kd)
ρewv2
n∑
α=2
u2αα
− ε (1 +Kd)
ρewv2
n∑
α=2
u2αα
:= J31 + J32 + J33.
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From equation (4.13), we deduce that
J2 := dk cos θ
(
ukt − F ijukij − Fpiuki
)
= cos θ
(
Fρρdkuk + Fβdβ
)− cos θσ(∇u,∇d)F + cos θF ijuidj
=
[
cos θσ(∇u,∇d)(ρ− 1
ρ
)
u11
2v3
− cos θ sinβdβ u11
v3
]
+
cos θ
2v
σ(∇u,∇d)(ρ− 1
ρ
)
n∑
α=2
uαα
− n
2
(ρ+
1
ρ
) cos θσ(∇u,∇d)( |∇u|2
v
+ cos θ sinβuβ
)
+
{
− cos θ sinβ
v
dβ
n∑
α=2
uαα
− (n− 1)u
2
1 + n
ρv3ew
cos θσ(∇u,∇d) + cos θσ(∇u,∇d)
ρv3ew
+ cos θdβ
[n cosβ
v
uβ
− cos θρ
2 − 1
2ρ
n cosβuβ − n cos θ
2ρ
(
ρ2 + 1
)
sinβ
]
+
n
2
cos2 θ(1− 1
ρ2
) cosβρσ(∇u,∇d)
}
:= J21 + J22 + J23 + J24.
For these terms, we first notice that J24 = O(
1
v )
∑n
α=2 |uαα|+O(v). Equation
(4.11) implies J21 = O(
1
v2 )
∑n
α=2 |uαα|+O( 1v ). Furthermore, we get by using
the arithmetic-geometric inequality
J12 + J22 + J32
:=
(1 +Kd)
2v2
|∇u|2(ρ− 1
ρ
)
n∑
α=2
uαα + cos θ
σ(∇u,∇d)
2v
(ρ− 1
ρ
)
n∑
α=2
uαα
− (1− ε)1 +Kd
ρewv2
n∑
α=2
u2αα
= S(ρ− 1
ρ
)
u1
2v
n∑
α=2
uαα − (1− ε)1 +Kd
ρewv2
n∑
α=2
u2αα
≤ S
1 +Kd
·
(n− 1)S(ρ− 1ρ )2u21
16(1− ε) ρe
w
≤ (n− 1)(1 + | cos θ|)S
16(1− ε) (ρ−
1
ρ
)2ρewu21.
Before continuing, we fix a constant b0 ∈ (| cos θ|, 3n+15n−1 ), for | cos θ| < 3n+15n−1 . If
|∇u|2
v
+ cos θ sinβuβ < (1− b0)u1, (4.15)
then
0 < b0 − | cos θ| < b0 − sinβ| cos θ||uβ |u−11 < 1−
u1
v
,
which implies that u1 is uniformly bounded. Therefore, we may assume that
|∇u|2
v
+ cos θ sinβuβ ≥ (1− b0)u1. (4.16)
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Now we conclude that this yields
J13 + J23
:= −n
2
1 +Kd
v
|∇u|2(ρ+ 1
ρ
)
( |∇u|2
v
+ cos θ sinβuβ
)− n
2
cos θσ(∇u,∇d)
( |∇u|2
v
+ cos θ sinβuβ
)
(ρ+
1
ρ
)
= −n
2
u1
( |∇u|2
v
+ cos θ sinβuβ
)
(ρ+
1
ρ
)S
≤ −n
2
(1− b0)Su21(ρ+
1
ρ
).
Since | cos θ| ≤ b0 < 3n+15n−1 , by choosing ε = ε02 ∈ (0, 1) with ε0 := 3n+1−b0(5n−1)4n(1−b0) >
0, we have that (n− 1)(1 + b0)− 4(1− ε)(1− b0)n < 0. Then we deduce
J13 + J23 + J12 + J22 + J32
≤ −n
2
(1− b0)Su21(ρ+
1
ρ
) + u21
(n− 1)(1 + b0)S
16(1− ε) (ρ−
1
ρ
)2ρew
≤ u21S
[ (n− 1)(1 + b0)
16(1− ε) (ρ−
1
ρ
)2
2ρ
ρ2 + 1
− (1− b0)n
2
(ρ+
1
ρ
)
]
=
u21S
8ρ(ρ2 + 1)(1− ε)
{[
(n− 1)(1 + b0)− 4(1− ε)(1− b0)n
]
(ρ4 + 1)
− [2(n− 1)(1− b0) + 8(1− ε)(1− b0)n]ρ2}
≤ −α0u21,
where α0 is a positive constant, which only depends on n, b0 and ‖u‖C0 . Using
equations (4.10) and (4.11) again, we have
J4 + J6 = −2F ijukidkj cos θ − 2KF ijdivj − Fpi
(
Kdiv + cos θ
n∑
k=1
ukdki
)
= O( 1v )
∑n
α=2 |uαα|+O(1).
For term J5, it is easy to see J5 := −F ijukdkij cos θ −KF ijdijv = O(1).
By adding all above terms into equation (4.12), we have
0 ≤ (1 +Kd)
ρewv
(− 1
v5
u211 −
2
v3
n∑
α=2
u21α
)− ε0 (1 +Kd)
2ρewv2
n∑
α=2
u2αα − α0u21
+O(
1
v
)
n∑
α=2
|uαα|+O(v)
≤ −ε0 (1 +Kd)
2ρewv2
n∑
α=2
u2αα +
C2
v
n∑
α=2
|uαα| − α0u21 + C1v
≤ −α0u21 + C1v +
C22ρe
w
2ε0(1 +Kd)
.
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Hence we conclude that
u1 ≤ C.
We have completed the proof.
Remark 4.4 We remark that the condition | cos θ| ≤ b0 < 3n+15n−1 was only used
in the estimate of term J13 + J23 + J12 + J22 + J32. And the main dominating
term is J13, which ensures us to obtain the gradient estimate under this contact
angle range.
The higher order a priori estimates of u follow from the uniform C0 and C1
estimates. Denote j(p) := σ(p, ∂β〉 − cos θ
√
1 + |p|2 for p ∈ Rn. It is easy to
see that
σ(jp
∣∣
p=∇u, ∂β) = 1− cos2 θ > 1− b20 > 0,
which means that we have a uniformly oblique boundary condition. To be more
precise, from the classical parabolic theory for quasi-linear parabolic equations
(See [23] for instance), it follows that
Proposition 4.5 If u(·, t) solves the initial boundary value problem (3.5) on
interval [0, T ∗) for T ∗ ∈ (0,∞] with | cos θ| < 3n+15n−1 , then for any 0 < T < T ∗,
we have
‖u(·, t)‖Ck ≤ C, 0 ≤ t ≤ T,
where C is a positive constant only depends on k, and the initial values and
the covariant derivatives with respect to the round metric on Sn+. It follows, in
particular, T ∗ =∞.
Proof (Proof of Theorem 1.1) We only need to show that each subsequen-
tial limit is a spherical cap.
As is shown in the proof of Proposition 2.4, integrating the equation (2.11)
over t ∈ [0,+∞) and combining with Proposition 4.5, we have that∫ ∞
0
∫
Sn+
∑
i<j
|κi − κj |2dµ(y)dt ≤ C,
where κi(y, t) is the principal curvature of radial graph at (y, t) ∈ Sn+× [0,∞).
Due to the uniform estimates from Proposition 4.5, one can show that
lim
t→∞ |κi − κj |
2 = 0, ∀1 ≤ i, j ≤ n.
Therefore any convergent subsequence of x(·, t) must converge to a spherical
cap as t→ +∞. Moreover the capillary boundary condition implies that this
spherical caps intersects with the sphere at a contact angle θ. Hence it should
belong to the family given in Remark 4.1. Hence we have completed the proof
of our main theorem.
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